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Exercise 1

The components of a symmetric tensor τ are

τxx = 3 τxy = 2 τxz = −1
τyx = 2 τyy = 2 τyz = 1
τzx = −1 τzy = 1 τzz = 4

The components of a vector v are

vx = 5 vy = 3 vz = −2

Evaluate

(a) [τ · v] (b) [v · τ ] (c) (τ : τ )
(d) (v · [τ · v]) (e) vv (f) [τ · δx]

Solution

(a) τ · v =

 3∑
i=1

3∑
j=1

δiδjτij

 ·
(

3∑
k=1

δkvk

)
=

3∑
i=1

3∑
j=1

3∑
k=1

δi(δj · δk)τijvk =

3∑
i=1

3∑
j=1

3∑
k=1

δiδjkτijvk

=

3∑
i=1

3∑
j=1

δiτijvj =

3∑
i=1

δi(τi1v1 + τi2v2 + τi3v3)

= δ1(τ11v1 + τ12v2 + τ13v3)

+ δ2(τ21v1 + τ22v2 + τ23v3)

+ δ3(τ31v1 + τ32v2 + τ33v3)

= δ1(15 + 6 + 2) + δ2(10 + 6− 2) + δ3(−5 + 3− 8)

= 23δ1 + 14δ2 − 10δ3

= 23δx + 14δy − 10δz
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(b) v · τ =

(
3∑

i=1

δivi

)
·

 3∑
j=1

3∑
k=1

δjδkτjk

 =

3∑
i=1

3∑
j=1

3∑
k=1

(δi · δj)δkviτjk =

3∑
i=1

3∑
j=1

3∑
k=1

δijδkviτjk

=

3∑
j=1

3∑
k=1

δkvjτjk =

3∑
j=1

(δ1vjτj1 + δ2vjτj2 + δ3vjτj3)

= δ1

3∑
j=1

vjτj1 + δ2

3∑
j=1

vjτj2 + δ3

3∑
j=1

vjτj3

= δ1(v1τ11 + v2τ21 + v3τ31)

+ δ2(v1τ12 + v2τ22 + v3τ32)

+ δ3(v1τ13 + v2τ23 + v3τ33)

= δ1(15 + 6 + 2) + δ2(10 + 6− 2) + δ3(−5 + 3− 8)

= 23δ1 + 14δ2 − 10δ3

= 23δx + 14δy − 10δz
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(c) τ : τ =

 3∑
i=1

3∑
j=1

δiδjτij

 :

(
3∑

k=1

3∑
l=1

δkδlτkl

)
=

3∑
i=1

3∑
j=1

3∑
k=1

3∑
l=1

(δiδj : δkδl)τijτkl

=

3∑
i=1

3∑
j=1

3∑
k=1

3∑
l=1

(δi · δl)(δj · δk)τijτkl

=
3∑

i=1

3∑
j=1

3∑
k=1

3∑
l=1

δilδjkτijτkl

=
3∑

i=1

3∑
j=1

τijτji

=
3∑

i=1

(τi1τ1i + τi2τ2i + τi3τ3i)

=
3∑

i=1

τi1τ1i +
3∑

i=1

τi2τ2i +
3∑

i=1

τi3τ3i

= τ11τ11 + τ21τ12 + τ31τ13

+ τ12τ21 + τ22τ22 + τ32τ23

+ τ13τ31 + τ23τ32 + τ33τ33

= 9 + 4 + 1 + 4 + 4 + 1 + 1 + 1 + 16

= 41
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(d) v · [τ · v] = (5δ1 + 3δ2 − 2δ3) · (23δ1 + 14δ2 − 10δ3) = 5 · 23 + 3 · 14 + (−2)(−10) = 177

(e) vv =

(
3∑

i=1

δivi

) 3∑
j=1

δjvj

 = (δ1v1 + δ2v2 + δ3v3)(δ1v1 + δ2v2 + δ3v3)

= v21δ1δ1 + v1v2δ1δ2 + v1v3δ1δ3

+ v2v1δ2δ1 + v22δ2δ2 + v2v3δ2δ3

+ v3v1δ3δ1 + v3v2δ3δ2 + v23δ3δ3

= 25δxδx + 15δxδy − 10δxδz

+ 15δyδx + 9δyδy − 6δyδz

− 10δzδx − 6δzδy + 4δzδz

(f) τ · δx =

 3∑
i=1

3∑
j=1

δiδjτij

 · δ1 =
3∑

i=1

3∑
j=1

δi(δj · δ1)τij =
3∑

i=1

3∑
j=1

δiδj1τij =

3∑
i=1

δiτi1

= δ1τ11 + δ2τ21 + δ3τ31

= 3δ1 + 2δ2 − δ3

= 3δx + 2δy − δz
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